A CRITERIUM FOR NON-UNIQUENESS OF g MEASURES 

GALLESCO, C, GALLO, S., AND TAKAHASHI, D. Y. 



Abstract. Wc introduce a general critcrium for non-uniquess of g-measurcs. We 
show that the existence of multiple g-measures compatible with a single ^-function 
can be proved by estimating the d-distance between some suitable Markov chains. 
Our method is optimal for the important class of binary attractive q-functions, 



which includes for example the Bramson-Kalikow model (jBramson fc Kalikow 



1993I ). We illustrate our approach by explicitly computing parameters for which 



the Bramson-Kalikow model is non-unique. 



1. Introduction 

Let A be a finite set we call alphabet and X = A^- . We denote by Xi the i-th 
coordinate oi x e X and for i < j we write ). For x,y E X, a 

concatenation x° j?/ is a new sequence z E X witli z'^- = x° ^ and ^Z^^ = y. We 
introduce in X the metric p{x,y) := min{j^ : x^j = y^j}, wliicli turns X into a 
compact metric space. Denote by B the Borel a-algebra on X. Let T : X ^ X he 
the shift operator sucli tliat for x E X we liave {Tx)i = A Borel measurable 

function g : X ^ [0,1] satisfying J2aeA 9^^^) = 1 x E X called g -function 

in X. We denote by C{X) the set of continuous function with the norm ||/|| : = 
svrpx^x 1/(^)1 t)y Q the set of all continuous and strictly positive (^-functions in 
X . If A is well ordered and X is endowed with partial order x > y Xi> y-i for all 
i E Z_, a function g E Q is attractive if, for all a E A, 'Ylib>a9^^^) increasing 
function oi x E X . 

Let g E Q, a, probability measure /i on A" is compatible with g if it is T-invariant 
and, for all a G A and x E X, E X : xq = a}\T~^B){x) = g{axZlo) or 
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equivalently, 



(1) 



for all / G C{X) fjWaltersl . Il975l ). The set of measures compatible with g is called 
g-measures. In this article, we are interested on conditions for non-uniqueness of 
^f- measures, i.e., sufficient conditions for the existence of multiple ^f-measures com- 
patible with the same (^-function. 

The set Q and the associated (^-measures constitute a rich class of stochastic 
models, which in cludes , for example, Markov chains, stochastic models t hat e xhibit 
non-uniqueness f lHulse . 



2006 



Berger et al 



2005 



Bramson fc Kalikowl . Il993[ ). and 



models that are not Gibbsian ( iFernandez et all 1201 if ). The question of uniqueness 
of q- measures was extensively studied and important progresses have been obtained 



(jjohansson et al. 



2012 



Fernandez fc Maillardl . |2005[ ). Notwithstanding, the prob- 



lem of non-uniqueness is mu ch less unde r stood and the literature is still based on 
few e xamples of (^-functions (IHulsd . 



2006 



Berger et al. 



2005 



Bramson fc Kalikow. 



19931 ) and general criteri a for non-uniqueness have only b e en ob tained for the class 



2012 



Hulse . 



19911 



of attractive functions ( iGallo fc Takahashi . 

Our main result (Theorem [T]) is a simple criterium for non-uniqueness of g- 
measures that, in principle, can be applied to general (yf-functions. The idea of 
the result goes along the following informal lines. Let ci be a distance function be- 
tween two measures in X . Let /i and yu' be two (?- measures, a priori not necessarily 
distinct. Assume {fij)j>Q and {fi'j)j>Q be two sequences of measures converging in d 
to fj, and fj,' respectively. If there exists an integer k >0, such that 

then, by triangular inequality, we conclude that fi ^ f^i'. Now, we can show by 
successive applications of the triangular inequality and taking the limit that 

d{fik,lJ^) < ^c?(/ij,/ij+i). 

Therefore, to prove the existence of phase transition it is enough to show that there 
exists some k >0 such that 

j>k 

This amounts to say that the (^-measures /i and fi' are different if we can show 
that they are slightly perturbed versions of fik and fi'f. with /ifc 7^ /i'^. The question is 
then which distance and sequences of measures are adequate to prove (|2]). We show 
that the Orstein's (i-distance and sequences of Markov chains are relatively easy to 
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manipulate and suited for applications. Furthermore, as a consequence of use of d- 
distance, we show that our result can also be used to establish that both (7-measures 
/i and /i' have Bernoulli natural extensions, i.e., isomorphic to a Bernoulli shift. 



entirely new and is already prese nt in the seminal wq r 



(Il993[ ) and in other related works flHulsel . I2OO6I: iLacroixl, 



i of 


Bramson & Kalikow 


2000; 


Friedh. 


2010 


). But 



explicit mention to ^ and consideration of J-distance seem to be novel, and, most 
importantly, our method allow us to obtain stronger results. For example. Theo- 
rem |2] states that our criterium (Theorem [1]) is optimal in the important class of 
binary attractive (^-functions, giving a necessary and sufficient criterium for non- 
uniqueness in this class. Moreover, Theorem |31 which is an application of Theorem 
[T]to the Bramson-Kalikow (BK) model, elucidates the intricate relationship between 
the parameters of the model and allow us explicit compute the parameters for the 
BK model with non-unique (^-measures. Finally, Corollaries [U and [2] give explicit 
examples of choice for the parameters of BK model with multiple compatible sta- 
tionary measures. To our knowledge, this is the first time t hat any explic it numerical 
parameters are computed for non-unique BK model (see iFriedlil (120 lOf ) for related 
discussion) . 

The article is organized as follows. We state the main results and relevant def- 
initions in Section |2l In Section [3] we prove Theorem [1] and Theorem [2l Then, in 
Section m we introduce the couplings used to prove Theorem |3l Finally in Section |5] 
we prove Theorem [3] and Corollaries [1] and El 



2. Main results 



Be fore stating Theorem [H we need to introduce Orstein's d-distance (jShieldsl . 
19961 ). We say that a measure v on X ^ X is a, coupling between /i and /i' if for 
all measurable subset F of A" we have v{T x X) = //(F) and v{X x F) = /i'(F). 
The set of all stationary couplings between yu and 11' is denoted by C (//, /i') and the 
J-distance between /i and /i' is defined by 

(i(/i, /i') = inf i^({(x, x') e X y. X : xq ^ ajp}). 

The (yf-measure /i on A* is T-invariant, this implies that we can extend /i and T to 
a measure fx and shift T on in a unique way. We say that this natural extension 
{fl,T) is Bernoulli if it is isomorphic to a Bernoulli shift. 

Finally, we denote the set of k-th order ergodic Markov kernels on X hj Aik C 
C{X) and the set of all Markov kernels by = Ufc>o-^fc- 
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Theorem 1. Let {gj)j>o CLnd {gj)j>o be two sequences of functions in Ai both con- 
verging to g E Q in C{X). Let fij and fi'j be the associated gj and g'^-measures. If 
there exists an integer k > such that 

d{nj, /ij+i) + ^ (J(/ij-, /i^+i) < difik^fJ-'k), (3) 

j>k j^k 

then there exist at least two distinct g-measures fi and fi' . Moreover, the natural 
extension of both g-measures are Bernoulli. 

The main advantage of Theorem [1] is that we need to know very httle about the 
measures compatible with g. In particular, we don't need to know a priori how to 
construct a good coupling between the Markov processes and a (^-measure /i to upper 
bound d{fik, f^)- Even less, we don't need to establish a priori the weak convergence 
of the sequence of (^j-measures to a gf-measure. The only requirement is a good 
control of the coupling between its Markov approximations. 

An interesting question is whether the converse of Theorem [1] holds, i.e., if non- 
uniqueness of (yf-measure implies the existence of sequences {gj)j>Q and {g'j)j>o that 
satisfy We show below that the converse of Theorem [T] is indeed true for the 
important class of binar y attractive q-functions, w hich includes for example the 



Bramson-Kalikow model (IBramson &: Kalikowl . Il993l ). 



Theorem 2. Let A = {— 1,+1}. If g E Q is attractive, then there exist multiple 
g-measures if and only if there exist two sequences {gj)j>o and {gj)j>o of functions 
in M. both converging to g E Q in C{X) and the associated gj and g'j-measures fij 
and fi'j satisfy, for some k > 0, the inequality ^ 



Now we apply Theorem [T] to the model studied in iBramson fc Kalikowl (119931 ) 
and we define below. Let A = { — 1, +1}, e G (0, 1/2), and {rnj)j>i be an increasing 
sequence of positive odd numbers. Let x G A", we denote by Pimj] G A^m^ the 
function 

Xo^x^i>o\{l-e) + lh;o^x.i <0\€. (4) 

Let (Aj)j>i be a sequence of positive numbers such that YlJLi -^j = 1- Given {mj)j>i 
and {Xj)j>i, the BK-model is defined by function p E Q such that, for all x E X, 

oo 



It is immediate that BK-model is attractive and regular. Bramson fc Kalikow ( 19931 ) 



showed that if \j = (1 — r)r^ ^ for r G (2/3, 1), there exist sequences {mj)j>i for 



A CRITERIUM FOR NON-UNIQUENESS OF g MEASURES 



5 



which the BK model is not unique, i.e., there is multiple p- measures. However, it is 
not known how the sequence {mj)j>i should be explicitly chosen for fixed sequences 
(Aj)j>i. Theorem [3] below exhibit an exphcit relationship between sequences {Xj)j>i 
and for which the BK model is non-unique. 

Theorem 3. Let {\j)j>i and {fnj)j>i be the sequences that define the BK model 
p in Ij^. Let niQ = 0, r : {1, 2, . . .} — ?■ Z_|_ be a function such that r{k) < k, and 
< a < I - €. If for all k > we have Y,j>k+2 -^i > Z]j=r(fc+i)+i -^i ^'^^ 

mfc+i > -2, (6) 

\J2j>k+2 ^3 ~ J2j=r{k+1)+1 ^3 J 

where 

Ak := 8(l - 2e)"'(l + m,(fc+i)(2e)-™-(^+^))2 In (2^-+2(l + mfe(2e)-"^'=)a-i) , (7) 
then the corresponding BK model p has multiple compatible stationary measures. 

Let us give two numerical examples of sequences {Xj)j>i and {mk)k>i for which the 
BK model is non- unique illustrating the relationship between the sequences {\j)j>i 
and {mj)j>i in Theorem [3l 

Corollary 1. Let e = 1/4 and for j > 1, Xj = |(|)''- Let mi = 217, c be and odd 
positive integer, and for j > 1, nij^i = c"^^ . If c > 577, then the associated BK 
model has multiple compatible stationary measures. 

Corollary 2. Let e = 1/4 and for j > 1, mj = 2"^^ — 1. Let 6i = 1, c > 0, and 
for I > 2, hi = 2("^^=i^^)'. For / > 1 and j G {EL=\ + 1, • • • , E1=i h} we set 
Xj = (3/4)'~'^/(46i). If c>7, then the associated BK model has multiple compatible 
stationary measures. 

Finally, to prove that Theorem [3] is tight, we need a criterium for uniqueness with 
a comparable condition on the paramte rs. Straightforward but tedious calculations 



show that known criteria for uniqueness (jjohansson et all 120121 : iFernandez fc Maillardl . 



20051 ) don't give such conditions and, therefore, the explicit computation of param- 
eters that give a sharp transition from uniqueness to non-uniqueness regime for the 
BK model is still an open problem. 

3. Proof of Theorems [U and [2] 

Proof of Theorem Ui 

We proceed in three main steps. First, we prove the existence of a subsequence 



A CRITERIUM FOR NON-UNIQUENESS OF g MEASURES 6 

{fiy.)j>o that converges in d to a measure compatible with g. The same naturally 
holds for a subsequence {f^uj)j>o and some measure /i' compatible with g. Then we 
prove that /i and /i' are actually distinct, and finally, that their natural extensions 
are Bernoulli. 

For the first step, let us prove that there exist a subsequence converging weakly 
and in entropy to a measure fi compatible with g. Because ergodic Markov processes 
are finitely determined, and for this class of processes, the weak convergence and the 
convergence of the entropy together imply convergence in d, we conclude t hat n„ 



conver ges to /x in (i-distance (see definition in p. 221 and Theorem IV.2.9 of IShields 



mm ). 

We consider processes on finite alphabet, therefore the space of respective proba- 
bility measures endowed with the weak topology is compact. Hence, for any sequence 
(/ij)j>o there exists a convergent subsequence {^vj)j>o- Let fi be its weak limit. It is 
immediate that fi is T- invariant. We will now show that it satisfies (II]) and therefore 
it is a 5f-measure. For this, observe that for / G C{X) 



+ 



^g{ax)f{ax)dfi- / fdfi 
/ {g{ax) - gy^{ax))f{ax)diJ,y 



E 



g{ax)f{ax)dfi- / g{ax)f{ax)dny^ 

X J X 



fdfXy^ - / fdfi 

X J X 



The first and third terms in the right hand side of the above inequality goes to zero 
because /i^ . — )■ weakly. The second term also goes to zero because 



hm \\gy^ - g\\ = hm sup \gvAx) - g{x) 



0. 



l^°°x&X 



Now, we will show that existence of the weak limit /i and the convergence of {gvj) 
to a in the norm || ■ || implies that the entropies of (/ij)j>i also converges to the 
entropy of /i. 

For ergodic Markov processes /i^., we can write their entropies H{fiy,) as 



log gy^d/^y. 



X 



Also, a simple computation shows that the entropy H{fi) of fi is given by 



Hifi) = - log gdfi. 
Jx 
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Furthermore, 



X 



log gd/j,- / logQyA^ 



X 



< 



+ 



X 



log gdfi 
log gdn^ 



X 



X 



log gdfi^^ 
log g^^dfi^. 



X 



We observe that g & Q and therefore log (7 G C{X). Now, the first term of the right 
hand side of the above equation goes to zero because — )■ /i weakly. To show that 
the second term also converges to zero, we note that, by assumption, we have 

lim sup I log(?„ . (x) — log (7 (x) I = 0. 

i^°°x&x 

Thus, we conclude that n^. converges in d to ji. 

We now come to the second step, and prove that the limits ^ and yu' are distinct. 
Taking fo = /c, we have 

lim J(/ifc,/i^,,) = (J(/ifc,/i). 
By triangular inequality, we also have 

00 

hm (i(/ifc, < d{^iv, , ; 

and, therefore. 



c?(/ifc,/i) < ^d{^l^^,^^^^^^). 

j=0 

Again, by triangular inequality we also have, 

00 00 

j=0 j=k 

Thus, if ([3]) is satisfied, we have 

showing that there exist two distinct gf-measures fi and fi'. 

To conclude the proo f, let (jl , T) and {fl', T) be respectively the natural extensions 
of /i and /i'. lOrnsteinI (119741 ) proved that the set of T-invariant measure on 
having Bernoulli property is closed in the topology induced by the d-metric. Because 
ergodic Markov chains are Bernoulli, this proves that fi and fi' have Bernoulli natural 
extensions. 

□ 
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We define a sequence of functions Qj, g', G M. for each j > 1 and x E X hy 



and 



= inf ^(Ix jy). 



For j = Owe define 5(o(lx_^) = snpy^;:^ g{ly) and g'^ilxj^) = iniy^x gM- Observe 
tliat if g is attractive, gj and g'j are also attractive. 

Let / G C{X), g ^ Q, and x G A". We define tlie Ruelle operator Lg by 

Lgfix) = ^g{ax)f{ax). 



Let h G C(A') be an increasing functi on and +1, — 1 G X such that +1 ,- 
— 1 . = —1 for i <0. By Lemma 2.1 in iHulsd (jl99ll ) we have that 



1 and 



hm Ly{±l) = [ hd^i^ 

n-^oo ^ 

lim lyi:^) = [ hdfx- 



where and fi are extremal (^-measures, not necessarily distinct. Now, let x, y G 
X, we define the function pj : X x X ^ [0,1] hj 

Pjilx, ly) = min {gj{lx), g{ly)} , 
Pj{lx, ly) + Pj{-lx, ly) = gj{lx), 
Pj{lx, ly) + pj{lx, -ly) = g{ly), 
^^Pj{ax,by) = 1. 



This function pj was introduced in iHulsd ( 1991 ) and can be used to define a coupling 
between fij and yU"*", where fij is the unique (yfj-measure. To see this, let /i, /2 G (^(A") 
and x,y E X. We introduce the Ruelle operator Lp. as 

Lp^ifi® f2){x,y) = ^^Pj{ax,by)fi{ax)f2{by). 

a£A beA 

For any increasing functions hi,h2 G (^(A"), we have that lim„_>.oo L". f/^i +1 , +1) 
exists and defines a coupling Vj between /ij and yU"*" (see p. 442 in iHulsd (120061 ) ). By 
construction and definition of Pj, this coupling has the property that z/j({(x, ?/) G 
X X X -.xqK yo}) = 0. 
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This implies that for any j > 

d{iij,fi^) = fij{{x e X : xo = 1}) - e X : Xo = 1}). (8) 

Now, by definition of we have that for any gf-measure fi we have 

eX ■.Xo = l})- fi{{x e X : Xq = 1}) > 0. 
We also note that fij converges weakly to some (^-measure, therefore we have that 



lim fij{{x ^ X : xq = 1}) — fi^{{x ^ X : xq = 1}) = 



Hence by 



lim d{^j, fi'^) = 0. 



Thus, we conclude that 



d{fij, fij+i) = e X : xo = 1}) - fi^{{x e X : xq = 1}). (9) 

j=k 

Now, let fi'j be the g'j measures. Repeating again the argument, we have that 

oo 

= fi-{{x eX:xo = l})- fiiiix eX:xo = 1}). (10) 

j=k 

Also, using an argument analogous to the one used to prove ([8]), we have 

d{fik, /ifc) = fJ'k{{x e X : xo = 1}) - fi'k{{x e X : xo = 1}). (11) 
Combining iQ, ffTOl) . and f|TT]) we have that inequality 

oo oo 

is equivalent to 

/i+({x e A* : a:o = 1}) - /i~({x E X : xq = 1}) > 0. (12) 



From Theorem 2.2 in flHulsd . Il99ll ). we have that inequality f|T2l) holds if and only 
if the (yf-measures are non-unique. 

□ 

Because our method of proof of non-uniqueness involves the ci-distance, we will 
need to construct several couplings and stationary measures to prove Theorem [3l 
The constructions are conceptually straightforward but tedious to write. Therefore, 
for convenience of the reader we will first define all the constructions and later use 
them in the proof of Theorem [31 
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4. Couplings and perfect simulations 

The aim of the present section is to construct simultaneously all the Markov chains 
needed in the proof of Theorem [3] using only a single sequence U := {Uj)j^x of i.i.d. 
r.v.'s uniformly distributed in [0,1). We let {Q,J^,F) denote the probability space 
corresponding to the i.i.d. sequence {Uj)j^z, and E the expectation under P. 

The idea of the construction is the following. First, for g E Q, we associate an 
update function F : [0, 1) x A^- — )■ A that satisfies P(F(f/o, x) = a) = g{ax) for any 
X E X and a E A. For any pair of integers i,j such that — oo < i < j < +oo, let 
F[j^ij{Uil ,x) G A-'"*"*"^ be the sample obtained by applying recursively F on the fixed 
past X, i.e, let F{j^j}(f/j, x) := F{Ui,x) and for any j > i 

%,}(f7/,x) := F{U,,F{,.,,,}{Ur\x))F{,.,,,}{Ur\x). 

Secondly, define F[i^i]{Ui,x) := F{Ui,x) and 

= F {U,,Fy.,,^iUr\x)x) . (13) 



(x) 



x) is the last symbol of the sample Fs^j^i^iUl ,x). 
With these definitions, for a\\ x E X we can construct the sequence ^xj 
defined by 

F[,,i](f/^x) ■.= xf\ 

which is the stochastic process starting with a fixed past x E X and updated ac- 
cording to g. 

Now we can define the notion of perfect simulation by coupling from the past 
(CFTP). Let 9 be the coalescence time defined by 

^:=min{z>0:F[o,_.](f/°„a:) = F[o,„i](f/°„l/) for all x,y e X] . (14) 



It can be proved (see lPropp &: Wilson! (119961 ) ; IComets et al\ ( l2002l ) ; iDe Santis &: Piccioni 

for instance) that if 9 is P-a.s. finite then there is a unique process {Xj)j^i 
compatible with g, such that, 

F[o,_e](f/%,a;) =Xo ^xeX. 

Therefore, when an update function F and a P-a.s. finite 9 exists, we say that 
there exists a CFTP algorithm that perfetly simulates {Xj)j^z- Observe that we are 
considering the bi-infinite stationary process on Z rather then the process restricted 
on Z_, as this is more convenient for the proof of Theorem [3l 
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Update function for the truncated Markov kernels. We will consider different 
Markov kernels in the proof of Theorem |3l They are truncations of order of the 
Bramson-Kalikow's function p G C(A') defined in (jH]). Let x & X, G A4o be 
defined by P[o]{x) = (1 — e)l{xo > 0} + el{xo < 0}, and P[mj] ^ -Mmj be defined as 
in (jlj). For I > k > 0, consider the following m^-th order Markov kernels 

k oo 

Pk{x) = 5^AjP[„^](a;) + XjP[o]{x), 

3=1 j=k+l 
k oo 



j=fc+l 



k 



QkAx) 



[X 



(15) 

(16) 
(17) 



Y Mo](x)+ Y ^j(l-P[o](a^)) (18) 



where Yl^j=i means that the summand is zero. 

Defining Aq •= 2e and Xj := Xj{l — 2e) for j > 1, we can respectively rewrite ([15 
and f|T7j) as 

k ( rrij >| 



^ 1 
'2 



Pk{x) = Ao^ + ^Ajl < xo2]]x_i > 



i=i I j=i j 7=fc+i ^ 



j>fc+l 
1 +a;o 



1 + Xo 



j>i+i 



1 - Xo 



Similar equations hold for ( TT6l) and ( |T8l) . 

Now, for any past x & X, consider the intervals 

/o(-l) := [0, e[, /o(+l) = [e, 2e[ and I, = 



■j-i j 

Y Y 

i=0 1=0 



J > 1- (19) 



We observe that the lengths |/o(— 1)| = |/o(+l)| = e and for A; > 1, = Afc. 

It is natural to consider the following update functions for the Markov kernels pk 
and qk^i respectively. 



m, — 1 



FP^iUo, x) = Y ^HUo eIo{a)} + YY ^ <j a x., > 

aeA j=l 



i=0 



a^A j>k-\-l 
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and 

k ( ruj-l 

F«'=-'(?7o,x) = 5^al{f/o G /o(a)} + ^^al{f/o E Ij}l <^ a ^ > 

aeA aeA j=l L i=0 

+ E E «l{f^o G /,} (i^) + 5: al{f/o G /,} . 

aGAj=fc+l ^ ^ a(^Aj>l+l ^ ^ 

We can define analogous update functions for p'f, and 

Let +1,^ G A:' be defined by +1^. = 1 and = -1 for j < 0. We define tlie 

coalescence time 

= min 



^ > : Fj^_^](f/^,x) = for all x,y E x] 



where the last equality is a direct consequence of the attractivity of pk- We substitute 
in the above definitions pk by p'^, gt,/, or g^ ^ to define O'^''-', and 
We also define, for any i E Z and k > 1, the regeneration time of order 

?7fc := min{i > - 1 : G /o(-l) U /o(+l) , j = i - + 1, . . . , i}. 



Couplings between the chains and an upperboud for 6^'^ and rjk- We couple 
all the chains together constructing them simultaneously using the CFTP algorithm 
with same sequence U and the respective update functions. Consequently, the 
coupling law is always P, i.e., the product law of U. We also use the same symbol 
to indicate the marginal process and coupled process, when there is no ambiguity. 

In what follows, we collect some lemmas that will be used in the proof Theorem [3l 
Let us give an upper bounds on the expectation of the coalescence and regeneration 
times that hold for pk, p'l^, qk, and g^. First, observe that by construction, 

P-a.s. and, therefore, 

nvk > e^^) = I. 

The same holds for p^, g^ ;, and g^^. We have the following lemma. 
Lemma 1. Let rjk he the regeneration time of order k. We have that 

] < nvk] < 

The same bound holds for O^'k , 9'"'-^ , and 
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Proof. By the definition of 77^ we liave 



1=1 



-(i-l)mk f imk-l+j 

n U ^' 

j=~imh+l I /=0 



Using the stationarity and independence of U, we have for z = 1, . . . , n 



-('i-l)mfc 



P( n [j h 



1=0 



/=0 

j 



i=i 



1=0 



A simple upper bound is UT=iAUo G ULo^O < (Se)™^ This yields 



n>l n>l ^ ^ 



□ 



Lemma 2. Let {Yp^^^)j^i he the stationary process compatible with qr,k+i- If 



Ej>k+i > then 



(20) 



^j>A;+l j=r+l 



Proof. Let (Zj''^'''^)jgz be the stationary process compatible with ql.l._^_l we observe 
that 



Efyj^.'^+i] = p(y;.'=+i = 1) _ p(y;-''=+i 



1). 



= P(FJ^'"^^ = 1) - P(Z; 

Now, we want to construct a maximal coupling between {Yp^^^)j(zi and {Z^'^~^^)j(zz. 
For this we define an update function for q'^ using a set o intervals slightly different 
from the intervals defined in (1231) • We have 



/^(-1):=[0, e[, /^(+1) = [e, 2e[ and /' 



1=0 i=0 



EAi+ E E^^+ E 



and 



i=0 i>k+l i=0 

r j 



i>k+l 



, for r > j > 1; 

(21) 

for k + l>j>r + l, (22) 



Ea.+ e E 



j=0 



i=A;-|-l i=0 



=k+l 



for j > A; + 2. 



(23) 
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aGA j=l 



i=0 



aeAjr=r-|-l ^ ^ aeAj>k+2 ^ ^ 

Observe that this update function is different from which uses the intervals 

defined in ([23]). 
By construction 

Now, the following lower bound is a straightforward consequence of the construc- 
tion of the coupling. 



j=r+l 



□ 



Lemma 3. Lei (yp''~^^)jez be the stationary process compatible with qr,k+i- For all 
k > and j > 1, we have 



P 



J2 Y[''^' - E[Yt 



1=1 



> 



< 2exp 



mfc+iE[rJ 



r,fe+li2 



8(1 + E[^'?'-; 



(24) 



Proof. We will use Theorem 1 of IChazottes et all (120071 ) to obtain a concentration 
upper bound. Let (^j^^'^^)j>i and (^j~^'^'*)j>i be respectively the process with 



measure defined by the conditional distributions P((X^-^ )j>i 
cr_2,...,X_,+i = a.,) and P((Xj=+^),>i = ■ \ Xo -- 



-l,X_i — (T_2,...,X-i 



+1 



o"_j). We denote by the maximal coupling between the conditional distributions. 
Now, we introduce the upper-triangular matrix D'^ defined for 1 < z < j < ri by 



(-la) 



(25) 



Then, we define the matrix D as Dj 



.— sup^g{„i ]^|n D'^j. For a given function 
/ : {—1, 1}" — 7- M we define the variation of / at site i with 1 < z < n by 

6,f:= sup \f{a)-f{a')\. 

crj=(T'.,tj^j 



P(|/-E[/]| >t) <2exp 
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Thus we have the following result: let n > 1 be arbitrary . Assu me that ||-D||2 < oo 
and ||(5/||2 < oo. Then, Theorem 1 in IChazottes et al\ (120071 ) states that, for all 
functions / :{ — 1,1}"— t-M and all t > 0, we have 

mwm) ■ ^'^^ 

In our case, observe that the elements of matrix Dij are bounded from above by 
the probabilities ¥{6'^'^ > j) for all i, j E N, i > 1. To see this we note that 

P(^'?'- >j) = F (F«'-(?7^, +1) ^ for z = 1, . . . ,j) 

= F +1) 7^ , 

where the last equality is a consequence of attractivity of qr- Now, by the stationarity 
of U we have 



3<?r 



> D 



Now, by Cauchy-Schwarz's inequality, we obtain 



\Du\ 



n n 

1=1 j=t 



n n 



1=1 j=i 
it (to..) it -'A. 

i=l j=l j=l 

n n n 



«=i j=i 



< 



qr 



>3)] \\u 



for all M G M". Taking n = m^+i, we deduce that 



1^112 < 



1 + ^ P(^'''- > j) 1 < (1 + E[^^'-])'. 



Now, taking / = f(^Xi 
{1, . . . , mfe+i}. Thus, we obtain 



; • • • ; ^mfc+i 



^E:^r^. wehave(5,/ 



\Ml= E 



i=l 



rrik+i 



rrik+i 



(27) 



(28) 
if i e 

(29) 
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Applying ( 126|) and using (128|) and f l29|l . we obtain 



P 



m.fe+i 



> ^^^7^ I < 2 exp 



^ 8(^1 +E[^'?'-]) ^ 



□ 



5. Proof of Theorem [3] and Proposition [U 
Proof of Theorem 0. 

We fix a sequence (Aj)j>i of positive real numbers such that X]j>i — ^- Let 
r : {1, 2, . . .} Z+ such that r(A;) < k and Xlj>fe+i -^i > Y!j=r{k)+i ^j^^k > 1. The 
sequence of odd positive integer numbers {'mj)j>i will be chosen afterwards. 

Clearly {pj)j>i and {p'j)j>i defined in f|T5|) and f|T6|) converge to the Bramson- 
Kalikow's p in C{X). For all k > 0, let (resp. P^.) be the unique stationary 
measure compatible with pk (resp. p'^). Observe that for A; = 0, Pq (resp. Pq) is just 
a Bernoulli process of parameter 1 — e (resp. e). 

We will apply Theorem [1] with k = 0, fij = Pj and fij = Pj (here k and j are from 
Theorem [T]). Since (i(Po,Po) = 1 — 2e, we need to find an explicit sequence {rnj)j>i 
such that 

^ J(P,, Pfc+i) + J2 diPL PUi) < 1 - 2e. (30) 

fc>0 fc>0 

By symmetry of the kernels pk and p'^., ( l30ll is equivalent to 

2 5^rf(P,,Pfc+i) < l-2e. (31) 

fc>0 

Now, our task is to upper bound d{Pk, Pk+i)- For all k > 0, let (^j^) .^^ be the 
stationary process compatible with the measure Pk- 
By definition of the d-distance we have that 

d{Pk, Pk+i) < P {X^ ^ X^+') . (32) 

Define for all i G Z_, the interval li := [i — rrik+i, — 1] and the events 

lie/, 

As ?7fc (defined as in Lemma [1]) is a stopping time for the filtration (J-i)j>o = 
{a{Uo,U-i, . . . ,U-i))i>o and the events Sf~^^ are independent of J-i for all i > 0, 
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Vk 



\i=0 



Vk 



n 



i=0 



(33) 



Combining fl32|) and f l33|) we obtain 

d{Pk, Pk+i) < mVk] + iMS'o) (34) 

for all A; > 0. 

Now, to obtain an upper bound for 'E['r]k] we use Lemma [1] and for P(>S'q) we use 
a concentration of measure result, which we describe below. Let r := r{k + 1) and 
[Yp"^'),^^ be the process compatible with qr,k+i- Observe that for all /c > r > we 
have qr,k+i G Air- Also note that, for any n > 1, and integers li, . . . , In, we have by 
construction that 



Kj=l 



and therefore 



Furthermore, we have 
P ^ < < P 



> 



■,fc+ii 



(35) 



(36) 



and therefore we can upper bound P(>S'o) using a concentration of measure for a 
Markov chain of order r < A; + 1 . 

Combining (IMI) . (155]) . and Lemmas [21 El we deduce that, for all > 0, 



diPk,Pk+i) < 2(E[r/fc] + l)exp 



8(^1 + E[^'?'-; 



Let a > such that a < g — Define 



A:=8(l-2e) In (4a-^) 



and for all > 1, 



Afc :=8(l-2e) (1 + m,(2e)-'^'-)' In ( 2^+^(1 + mfc(2e 



Then, for all /c > choose m^+i as the first odd integer such that 



rrik+i > 



(Ylj>k+2 Ejr=r+1 -^i) 



2 • 



(37) 



(3J 
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With these choices, using Lemma [1] we obtain 

rf(Pfc,Pm)<^ (39) 

for all > 0. Since a < | — e we obtain ( 1311) . which proves the theorem. □ 



Proof of Corollary [11 

If, for J > 1, we choose A-,- = |(|)"', we have for k >1, X]j>fc+i -^i ~ -^fe > 0, i.e., 
we have a function r in ([6]) defined by r{k) = k — 1. Let e = 1/4 and a = 1/8, then 
Aq = 160 ln2 and, by (j38l) . mi must be chosen greater than 320(|)^ln2 ^ 216,74. 
Let us take nii = 217. Now, from (137|) . we can see that in this case, the sequence 
{f^k)k>i must satisfy > + 1 for all /c > 1. Therefore, for > 1, we have 



<512(-) {l + muT-^f 

/On fc+l 

<512(^-j (64)"^^ 



.2/ 
< (577)™'=. 

□ 



Proof of Corollary d. 



Let 6i = 1 and c a positive constant to be fixed afterwards. For / > 2, we define 
hi = [2'''^^j=i ^^^^] , where [■] is the ceilling function. Let s = 3/4, for / > 1 and 
j ^ &fc + 1, • • • , Efe=i h} we define 



A, 



where log 



It is straightforward to verify that X]j>i ~ ^- Let r(k) = ^y\og{k)/c 
is base 2 logarithm and [-J is the floor function. We observe that by construction, 
for / > 1, we have 



j>k+l j=r{k)+l 



-(- 

8 V4 



1-2 
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We set rrij = [2^-' J if [2^-' J is odd, otherwise rrij = [2^-^ J — 1 • We want to obtain 
a sequence {rnj)j>i that satisfies (E]) and ([7]). Let 



Now, let e = 1/4 and a = 1/8, we have, 

Ak < 128 hi 2Bk{k + 2) + 32 In 2Bk{cP + 1) + ?>2BkT'^^ 
< 81Efc2^^'. 

Also, we observe that for c>7, Bk< 22+i°s('=+i)+2(fc+i) < 2^^=, and, therefore, 

Ak < 81.2^('='+^). 

Also for c > 2, we have | (|)' ^ > (|)'^^ > 2"'^'^. Finally, to satisfy the conditions 
in Theorem [H it is enough that 
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The above inequality is satisfied if c > 7. 
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